



















HECKE GRIDS AND CONGRUENCES FOR
WEAKLY HOLOMORPHIC MODULAR FORMS
SCOTT AHLGREN AND NICKOLAS ANDERSEN
Abstract. Let U(p) denote the Atkin operator of prime index p. Honda and Kaneko
proved infinite families of congruences of the form f
∣∣U(p) ≡ 0 (mod p) for weakly holo-
morphic modular forms of low weight and level and primes p in certain residue classes, and
conjectured the existence of similar congruences modulo higher powers of p. Partial results
on some of these conjectures were proved recently by Guerzhoy. We construct infinite fami-
lies of weakly holomorphic modular forms on the Fricke groups Γ∗(N) for N = 1, 2, 3, 4 and
describe explicitly the action of the Hecke algebra on these forms. As a corollary, we obtain
strengthened versions of all of the congruences conjectured by Honda and Kaneko.
1. Introduction
For a prime number p, let U(p) denote Atkin’s operator, which acts on power series via(∑
a(n)qn
) ∣∣U(p) :=∑ a(pn)qn.
In recent work, Honda and Kaneko [4] generalize a theorem of Garthwaite [2] in order to
establish infinite families of congruences of the form
f
∣∣U(p) ≡ 0 (mod p)
for weakly holomorphic modular forms of low weight and level. For example, it is shown
that for any prime p ≡ 1 (mod 3) and any k ∈ {4, 6, 8, 10, 14} we have
Ek(6z)
η4(6z)
∣∣U(p) ≡ 0 (mod p). (1.1)
For another example, if p ≡ 1 (mod 4), k ∈ {4, 6}, and f ∈Mk(Γ0(2)) has p-integral Fourier
expansion, then it is shown that
f(4z)
η2(4z)η2(8z)
∣∣U(p) ≡ 0 (mod p). (1.2)
Honda and Kaneko conjecture that these extend to congruences modulo higher powers of




∣∣U(pn) ≡ 0 (mod pn(k−3)) for any n ≥ 1. (1.3)
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In recent work, Guerzhoy [3] studies the conjectures (1.3) using the p-adic theory of weak
harmonic Maass forms. In the case when k = 4, he shows that if p ≡ 1 (mod 6), then there
exists an integer Ap such that for all n we have
E4(6z)
η4(6z)
∣∣U(pn) ≡ 0 (mod pn−Ap), (1.4)
and that if p ≡ 5 (mod 6), then there exists an integer Ap such that for all n we have
E4(6z)
η4(6z)
∣∣U(pn) ≡ 0 (mod p⌊n2 ⌋−Ap). (1.5)
In this paper, we show that the congruences conjectured by Honda and Kaneko result
from the existence of “Hecke grids” of weakly holomorphic modular forms on Fricke groups.
These are infinite families of forms on which the Hecke algebra acts in a systematic way.
These are similar to the well-known grid of Zagier [7] which encodes the traces of singular
moduli; a similar Hecke action on this grid [1] explains the many congruences among these
traces.
Since the congruences are straightforward consequences of identities involving the Hecke
operators we will focus here on the identities themselves. As an example of the results, we
consider the case related to (1.4) and (1.5). Using Theorem 2 below with k = r = 4, we see
that there is an infinite family of forms Fd(z) ∈M
!












n ≡ 1 (mod 6),
pnFpn + a1(p
n)η4(6z) if pn ≡ 5 (mod 6).
(1.6)









⌋) if p ≡ 5 (mod 6).
(1.7)
In other words, (1.4) and (1.5) are true with Ap = 0 for every n.




Theorem 2 gives a family Gd with the property that G1
∣∣T (pn) = p3nGpn for all p ≥ 5.
We conclude that G1
∣∣U(pn) ≡ 0 (mod p3n), as shown in [3]. This phenomenon will occur
whenever the parameter ℓ in Theorem 2 is non-zero.
In a similar way, we obtain strengthened versions of the other conjectures in [4]. For
example, consider the congruence (1.2) in the case k = 4. Any form f ∈ M4(Γ0(2)) can be
written uniquely as the sum f = af+ + bf−, where f+(z) = 1 + 48q + . . . and f−(z) =












Using Theorem 3 below, we conclude that for positive odd d there are p-integral forms
F±d ∈ M
!
2(Γ0(32)) with the following properties: For all prime powers p
n we have
F+1
∣∣T (pn) = pnF+pn.
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If pn ≡ 1 (mod 4) then
F−1
∣∣T (pn) = pnF−pn.
If pn ≡ 3 (mod 4) then
F−1
∣∣T (pn) = pnF−pn + a−1 (pn) · η2(4z)η2(8z).








⌋) if p ≡ 3 (mod 4).
(1.8)
For all odd primes p, any f ∈ M4(Γ0(2)) having p-integral coefficients is a p-integral linear
combination of f+ and f−. It follows that (1.8) holds for f(4z)
η2(4z)η2(8z)
; this establishes a
stronger version of the conjecture of [4].
The following strengthened versions of these conjectures for Γ0(3) and Γ0(4) arise from
the identities of Theorems 4 and 5 below. Let p ≥ 5 be prime and let N ∈ {3, 4}. Suppose
that f ∈M4(Γ0(N)) has p-integral coefficients and define
H3(z) := η
2(3z)η2(9z) = q − 2q4 − q7 + 5q13 + 4q16 − 7q19 + · · · ,
H4(z) := η










⌋) if p ≡ 2 (mod 3).
Finally, we mention that similar results will hold if the initial forms F1 are replaced by other
members of the grid.
2. Preliminaries
We begin with some brief background and a proposition about the action of the Hecke
operators on the spaces in question. It will be most natural to work with the Fricke groups
Γ∗(N) for N ∈ {1, 2, 3, 4} (see [6, Section 1.6] for background). For these levels, the groups













Let k be a positive integer. If γ = ( a bc d ) ∈ GL
+













Define Γ0(M,N) := {( a bc d ) ∈ Γ0(1) : M |c and N |b}. For primes p, define the Hecke operator
Tk(p) by
f
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For (t, p) = 1, define the conjugated operator T
(t)



































∣∣T (t)k (p) =∑(af(pn) + pk−1af (n/p)) qn/t. (2.3)


















We suppress the subscript k when it is clear from context.
We say that ν is a multiplier system for a group Γ if ν is a character on Γ of absolute value
1 (see [6, Section 1.4] for details). Then M !k(Γ, ν) is the space of holomorphic functions f on




γ = ν(γ)f (2.5)
for all γ ∈ Γ.
The multiplier system νη on Γ

















((a + d)c− bd(c2 − 1)− 3c)
)









((a + d)c− bd(c2 − 1) + 3d− 3− 3cd)
)
if c is even
(2.6)











denote extensions of the Jacobi symbol to
negative integers, and take the values ±1.





Proposition 1. Let N ∈ {1, 2, 3, 4} and suppose that t is a positive integer. Suppose that ν
is a multiplier system on Γ∗(N) which takes values among the 2t-th roots of unity, and that
ν is trivial on Γ0(Nt, t). Then for primes p ∤ N with p










Proof. We proceed by induction on n. For n = 1, it is enough to show that for each of the
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We begin with the translation T . We have
f




















































Define λ′ by λ′ ≡ λ+ (1− p2)/t (mod p) and 0 ≤ λ′ ≤ p− 1. Then
f


















= νp(T ) f
∣∣T (t)k (p).


































































































































∣∣T (t)(p) = νp(WN)f ∣∣T (t)(p),
since p is odd and WN is an involution.
Suppose that n ≥ 1 and recall the recurrence (2.4) satisfied by T (t)(pn+1). By induction,
the form f
∣∣T (t)(pn)∣∣T (t)(p) has multiplier system νpn+1 and the form f ∣∣T (t)(pn−1) has multi-
plier system νp
n−1
. Since the values of ν are 2t-th roots of unity and p2 ≡ 1 (mod 2t), these
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3. Hecke grids on Γ∗(1)
We construct Hecke grids on Γ∗(1) = Γ0(1) which begin with the forms Ek(z)/η
r(z) for
k ∈ {4, 6, 8, 10, 14} and r ∈ {4, 8, 12, 16, 20} (similar results hold for all positive integers
r ≤ 24, but to state them would require unwieldy notation).
Let ν be the multiplier system for η4(z) on Γ∗(1). We compute using (2.6) that if A =





Here ζm := e
2πi/m.
Theorem 2. Suppose that k ∈ {4, 6, 8, 10, 14} and that r ∈ {4, 8, 12, 16, 20}. Define s/t =
r/24 in lowest terms and let ℓ ∈ {0, 1, 2} be the unique integer satisfying 12ℓ + k − r ∈
{0, 4, 6, 8, 10, 14}.









(b) There exists a unique form
ftℓ−s = q
s/t−ℓ + · · · ∈ Sk−r/2(Γ
∗(1), νr/4). (3.3)









(c) Suppose that p is an odd prime. If pn ≡ 1 (mod t) then we have
fs
∣∣T (t)(pn) = p(k−r/2−1)nfpns. (3.5)





n)f−s if ℓ = 0,
p(k−r/2−1)nfpns otherwise.
(3.6)
Remark. An analogue of Theorem 2 with 1 ≤ r ≤ 23 is also true, with the following modifica-






the case k− r = 12 needs to be treated separately. When r is odd, one uses the half-integral
weight Hecke operators, and there are fewer cases since p2n ≡ 1 (mod t) for all n.
Before proving Theorem 2, we sketch the proof of (1.7).
Proof of (1.7). Note that Fd(z) = fd(6z) in the notation of Theorem 2. We have the relation
F1




The case p ≡ 1 (mod 3) follows in a straightforward way by induction.
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Suppose that p ≡ 2 (mod 3). If n is even then (3.5) gives F1
∣∣T (pn) ≡ 0 (mod pn). If n
is odd, induction shows that a1(p
n) ≡ 0 (mod p
n−1
2 ), so that F1
∣∣T (pn) ≡ 0 (mod p⌊n2 ⌋) by
(3.6). Using (3.7) we conclude that
F1
∣∣U(pn) ≡ 0 (mod pα)
















= q−1 + 744 + 196884q + 21493760q2 + 864299970q3 + · · · ∈M !0(Γ0(1)).
(a) Set fs(z) := Ek(z)/η






where the cm are chosen so that fd(z) = q
−d/t + O(q1−s/t). These forms satisfy the require-
ments in (3.2). For uniqueness, suppose there are two forms fd and f
′
d satisfying (3.2) and
define g(z) := ηr(z)(fd(z) − f
′
d(z)) = O(q). Then g(z) is in Sk(Γ0(1)). Since this space is







ηr(z) = qs/t−ℓ +O(q1+s/t−ℓ),






where the cm are chosen so that fd(z) = q
−d/t + O(q1+s/t−ℓ). If there are two forms fd and







has trivial multiplier system, so it is an element of S12ℓ+k−r(Γ0(1)). This space is trivial since
12ℓ+ k − r ∈ {0, 4, 6, 8, 10, 14}, so fd = f
′
d.
(c) Since rt/24 = s ∈ Z we see from (3.1) that the multiplier system νr/4 is trivial on
Γ0(t, t) and takes values which are t-th roots of unity. Therefore Proposition 1 gives
fs
∣∣T (t)k−r/2(pn) ∈M !k−r/2(Γ∗(1), νpnr/4).
It follows from this and (2.3) that if pn ≡ 1 (mod t) then
fs
∣∣T (t)(pn) = p(k−r/2−1)nq−pns/t +O(q1−s/t) ∈M !k−r/2(Γ∗(1), νr/4),
while if pn ≡ −1 (mod t) then
fs
∣∣T (t)(pn)− as(pn)f−s = p(k−r/2−1)nq−pns/t +O(q1+s/t−ℓ) ∈M !k−r/2(Γ∗(1), νr/4).
By uniqueness we obtain (3.5) and (3.6). 
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4. Hecke grids on Γ∗(2)










4 + · · · .
The grids begin with forms f/h2, where f ∈ M4(Γ0(2)). This space is two-dimensional and




(4E4(2z) + E4(z)) = 1 + 48q + 624q




(4E4(2z)−E4(z)) = 1− 80q − 400q
2 − 2240q3 + · · · .
Here F+2 and F
−
2 are eigenforms of W2 with eigenvalues ±1, respectively. Since M6(Γ0(2))






The details are similar, and are omitted.
Let ν± denote the multiplier system for h2(z) on Γ0(2), extended to Γ
∗(2) via ν±(W2) = ±1.
If γ = ( a bc d ) ∈ Γ0(2), then a computation involving (2.6) gives
ν±(γ) = i
d(b−c/2), (4.1)
which is trivial on Γ0(8, 4). We have
h2 ∈ S2(Γ
∗(2), ν−).




























(c) For all odd prime powers pn we have
f+1
∣∣T (4)(pn) = pnf+pn.
If pn ≡ 1 (mod 4) then
f−1
∣∣T (4)(pn) = pnf−pn.
If pn ≡ 3 (mod 4) then
f−1
∣∣T (4)(pn) = pnf−pn + a−1 (pn) · h2.











+ 4372q + 96256q2 + · · · ∈M !0(Γ
∗(2)).





























4 + · · · ∈M !2(Γ
∗(2), ν−).
For d ≡ 1 (mod 4) we can construct f+d satisfying (4.2) as a linear combination of fd−4 · j2




d are two forms with these
properties. Let ω− be the multiplier system on Γ










Since there is only one cusp, this is in fact a cusp form, and is therefore equal to zero.















4 + · · · ∈M !2(Γ
∗(2), ν+),








4 + · · · ∈M !2(Γ
∗(2), ν−).
We conclude the proof by applying (2.3) and Proposition 1 to the forms f±1 to obtain the
equalities listed in (c). 
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We construct grids on Γ∗(3) starting with the forms f/h3, where f ∈M4(Γ0(3)). This space




(9E4(3z) + E4(z)) = 1 + 24q + 216q




(9E4(3z)− E4(z)) = 1− 30q − 270q
2 − 570q3 − 2190q4 + · · · .
Let ν± denote the multiplier system of h3(z) on Γ0(3), extended to Γ
∗(3) via ν±(W3) = ±1.






which is trivial on Γ0(9, 3).




























(c) Suppose p ≥ 5 is prime. We have
f+1
∣∣T (3)(pn) = pnf+pn.
If pn ≡ 1 (mod 3) then
f−1
∣∣T (3)(pn) = pnf−pn.
If pn ≡ 2 (mod 3) then
f−1
∣∣T (3)(pn) = pnf−pn + a−1 (pn) · h3.




(E2(3z)−E2(z)) = 1 + 12q + 36q
2 + 12q3 + 84q4 + · · · ∈M2(Γ
∗(3), ω−).














































3 + · · · ∈M !2(Γ
∗(3), ν+),










3 + · · · ∈M !2(Γ
∗(3), ν−).





+ 12 + 36
η12(3z)
η12(z)
= q−1 + 783q + 8672q2 + · · · ∈M !0(Γ
∗(3)). 
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6. Hecke grids on Γ∗(4)













The forms E4(2z) and F
+
4 (z) have eigenvalue +1 under the Fricke involution W4, while the
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We construct grids on Γ∗(4) starting with forms f(z)/h4, where f(z) ∈ M4(Γ0(4)).
Recall that E4(z)/η
4(z) is the first member of one of the Γ∗(1) grids. So we need concern
ourselves only with the subspace spanned by {F+4 , F
−
4 }. The distinguishing feature of F
+
4 is
the fact that it vanishes to order 2 at the cusp 1/2.
Let ν± denote the multiplier system for η
4(2z) on Γ0(4), extended to Γ
∗(4) by ν±(W4) =


















4(2z), we have h4 ∈ S2(Γ
∗(4), ν−).


















which vanish at the cusp 1/2.
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(c) Suppose p ≥ 5 is prime. We have
f+1
∣∣T (3)(pn) = pnf+pn.
If pn ≡ 1 (mod 3) then
f−1
∣∣T (3)(pn) = pnf−pn.
If pn ≡ 2 (mod 3) then
f−1





(4E2(4z)− E2(z)) = 1 + 8q + 24q
2 + 32q3 + 24q4 + · · · ∈ M2(Γ
∗(2), ω−)














































3 + · · · ∈M !2(Γ
∗(4), ν+),










3 + · · · ∈M !2(Γ
∗(4), ν−).











+ 276q + 2048q2 + · · · ∈M !0(Γ
∗(4)).
For d ≡ 1 (mod 3), the forms f−d are constructed so that they vanish at 1/2. This property
is necessary to establish uniqueness, for if f−d and g
−





d ) = O(q)
vanishes at∞ and vanishes to order 2 at 1/2. But nonzero weight 4 forms on Γ0(4) can have
at most 2 zeros, so f−d = g
−
d . 
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